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Abstract 

The notion of a multiplier of a group X is generalized to that of a 
C*-multiplier by allowing it to have values in an arbitrary (7*-algebra 
A. On the other hand, the notion of the action of X in ^ is gen- 
eralized to that of a projective action of X as linear transformations 
of the space of continuous functions with compact support in X and 
with values in A. It is shown that there exists a one-to-one correspon- 
dence between C*-multipliers and projective actions. C*-multipliers 
have been used to define twisted group algebras. On the other hand, 
the projective action r can be used to construct the crossed prod- 
uct algebra A y^r X. Both constructions are unified in the present 
approach. 

The results are applicable in mathematical physics. The multi- 
plier algebra of the crossed product algebra A X contains Weyl 
operators {W{x),x € X}. They satisfy canonical commutation rela- 
tions w.r.t. the C*-multiplier. Quantum spacetime is discussed as an 
example. 

KEYWORDS: Crossed product algebra. Twisted group algebra. Mul- 
tipliers, Canonical commutation relations. Quantum spacetime. 
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1 Introduction 



Starting point for this work is the observation that the construction of the 
crossed product of a C*-algebra with a group is very similar to the construc- 
tion of twisted group algebras and of the C*-algebra of canonical commuta- 
tion relations (CCR). The convolution product of the group algebra Ci{X) 
of a locally compact group X can be deformed in two ways. In the first case 
the integrable functions of X are allowed to have values in a C*-algebra A, 
and the deformation involves a representation r of X as homomorphisms of 
A. This is the basis for the definition of the crossed product algebra ^ x^X. 
In the other multiplier ^ : X x X C is used, which leads to the 

notion of a twisted group algebra. By a slight generalization both constructs 
can be unified. The generalization of the crossed product algebra is obtained 
by replacing the representation r by a projective action. The generalization 
of the twisted group algebra is obtained by allowing the multiplier to have 
values in an arbitrary C*-algebra A. 

A short history of the crossed product algebra can be found in the intro- 
duction of [|1^]. Its physical importance was brought out in [Q. The twisted 
group algebra was studied in [0] and A special case of twisted group 
algebra, of relevance in mathematical physics, is the algebra of CCR, intro- 
duced in p , and, independently, in ||12[ . An introductory treatment is found 
in 



An important generalization, orthogonal to the present one, is obtained 
by replacing the group X by a groupoid. See [H, or Ch. II, Sec. 1. The 



combination of both generalizations is not considered here. 

The structure of the paper is as follows. In the next section the main 
results are stated. Then theorem 1 is proved. In section ^ the crossed product 
algebra is constructed. Theorem 2 is proved in section ^ The final section 
discusses quantum spacetime as an application in quantum mechanics. 



2 Main results 

Recall that a multiplier ^ of a group X is a map ^: XxX^Ci = {aG 
C : |a| = 1} satisfying ^(x, e) = ^(e, = 1 for all x G X, and satisfying the 
cocycle property 

C{x,y)^{xy,z) = ^{x,yz)C{y,z), x,y,zeX (1) 
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(e is the unit element of X). The notion of multipher is generahzed as follows 
(see i). 



Definition 1 A C* -multiplier of a group X acting in a C* -algebra A is a 
map ^ of X X X into the unitary elements of the multiplier algebra M{A) of 
A satisfying the following axioms. 

(Ml) e(x, e) = e(e, y) = 1 for allx,yeX. 

(M2) There exists a map a of X into the automorphisms of A such that a^. 
is the identity transformation and one has 

CTx^iy^z) = ^{x,y)^{xy,z)^{x,yzy, x,y,zeX (2) 

(M3) a satisfies 

a^aya = ^{x,y){a^ya)C{x,y)*, x,yeX,aeA (3) 

(M4) The map y E X ^ a^{x,y) is continuous for all x E X and a E A. 
The maps x E X ^ a^{x^x~'^) and x E X ^ a^^a are continuous for 
all a E A. 

^ is also called an A-multiplier of X. 

If ^ = C then a is trivial and (0) reduces to (|ID. If the *-algebra generated by 
the range of ^ is dense in M{A) then a is uniquely determined by (Q). In that 
case (M3) follows from (M2). In general, a is not a group representation, but 
is twisted by means of the C*-multiplier, according to (^. For convenience, 
the map a is called a twisted representation associated with ^. In the 
pair (^, a) is called a twisting pair for X and A and is considered in a more 
general setting, with A an involutive Banach algebra, and with the continuity 
requirements (M4) replaced by measurability conditions. 

Notation 1 Let Cc{X) denote the space of complex continuous functions 
with compact support in X. Similarly, let Cc{X,A) denote the space of con- 
tinuous functions with compact support in X and values in the C* -algebra 
A. 
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Given a C*-multiplier ^ and an associated twisted representation cr, one 
can define a map r of X into tlie linear transformations of Cc{X, A) by 

rj{y) = {aj{x-'y))ax, x'^y), x,y e XJ e C,{X, A) (4) 

It is straightforward to verify that r satisfies the axioms of the following 
definition. 

Definition 2 Let X be a locally compact Hausdorff group and let A be a 
C* -algebra. A map r of X into the linear transformations ofCc{X,A) is a 
projective action if it satisfies 

(Al) Te is the identity transformation ofCc{X,A). 

(A2) For all g,he Cc{X, A) and y,z e X holds 

Ty{g{z)T^h) = {Tyg){yz)Ty^h (5) 

(A3) Given f e Cc{X,A), the function g defined by g{x) = {Txf){e)* belongs 
to Cc{X,A) and satisfies {Txg){y) = {jyf){x)* for all x,y E X. 

(A4) For allx,yeX andfe C,{X, A) is \\ {rj) {y)\\ ^ \\f{x-^y)\\. 

The following characterization of C*-multiphers is proved. 

Theorem 1 Let X be a locally compact Hausdorff' group and A a C* -algebra. 
There is a one-to-one correspondence between twisting pairs {^,<j), consisting 
of an A-multiplier ^ of X and an associated twisted representation a, and 
projective actions r of X inCc{X,A). 

Recall that a group action r of X as automorphisms of A can be used to 
construct the crossed product algebra A Xt- X. This is done by defining a 
multiplication and an involution on the linear space Cc{X, A) to make it into 
an involutive algebra. The latter is then completed by closure in a C*-norm. 
This construction is given here in terms of projective actions using continuous 
functions instead of measurable functions. The projective action r is shown 
to leave the C*-norm invariant. 
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Example 1 Let X = {0, 1} and let ^ = C. Then Cc{X,A) coincides with 
C^. A projective action r of X as linear transformations o/C^ is defined by 



for all a,b E C, with a G R fixed. It is easy to verify that t is indeed a 
projective action. The multiplier ^ is given by ^(1, 1) = e*" and ^{x,y) = 1 
otherwise. The crossed product algebra A X equals with product law 

a\ f c\ _ f ac + hde^"" \ 
h) UJ ~ I ad + hc ) 



and involution 



b J [be-''' 



It is an abelian algebra with unit 



(8) 



ft 



Recall that a representation tt of ^ in a Hilbert space Ti. is X-covariant 
if there exists a unitary representation x U{x) oi X such that TT{axa) = 
U{x)7r{a)U{x)* holds for all a; G X and a E A. The crossed product al- 
gebra A x^- X has the basic property that there is a relation between its 
*-representations and the covariant *-representations of A. This property is 
preserved in the following form. 

Theorem 2 Let X be a locally compact HausdorfJ group. Let A be a C*- 
algebra. Let ^ be an A-multiplier of X , a a twisted representation of X 
associated with ^, and let r be the projective action determined by ^ and a 
via A can be identified with a sub-C* -algebra of the multiplier algebra 
M{Ax^X). There exists a map W of X into the unitary elements of M{Ax^ 
X) satisfying 

Tj = Wix)f, xeXJeAx^X (9) 

and 

a^a = W{x)aW{x)% x e X,ae A (10) 

and 

Wix)W{y) = ^ix,y)Wixy), x,y E X (11) 
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The W{x) generalize the Weyl operators, see e.g. []TU[ and the discussion 
below. 



Example 2 Let X = {l,i,j,k} be the Vierergruppe von Klein. One has 
= j"^ = k"^ = 1 and ij = ji = k. A cocycle ^ with values in C is defined 
by ^(ij) = ^ij,k) = ^{k,i) = i, ^{j,i) = ^{kj) = ^{i,k) = -i, and ^ = 1 
otherwise (note that the symbol i is used with 2 different meanings). Take 
A = C. The crossed product algebra Ax^-X is the algebra of complex 4-by-4 
matrices of the form 

/a b c d \ 

b a —id ic 

c id a —ib 

\d —ic ib a / 

The generalized Weyl operators satisfy the same commutation relations as 
the Pauli matrices. In particular, Ax^- X is isomorphic to the algebra of all 
complex 2-by-2 matrices. 

Assume now that a *-representation tt of ^ x^- X in a Hilbert space Ti 
with cyclic vector Vt is given. Then, by the previous theorem, there exists a 
map X ^ U{x) oi X into the unitary operators of Ti such that 

7r(r,/) = [/(x)7r(/), xeXJeAx^X (13) 

and 

^{a^a) = U{x)'K{a)U{xy , xeX,aeA (14) 

and 

U{x)U{y) = 7r(e(x, y))U{xy), x,y E X (15) 

Indeed, it suffices to take U{x) = 7v{W{x)) for all x E X. This shows that any 
*-representation of ^x^X with cyclic vector defines a (generalized) covariant 
representation of A. The obvious reason to apply the previous theorem in 
quantum mechanics is for the construction of covariant representations. It 
can also be used to construct representations of the CCR, as is shown below. 

Recall that a symplectic space if, s is a real vector space H equipped 
with a symplectic form s, i.e., a real bilinear antisymmetric form which is 
non-degenerate: s{x, y) = for all y E H implies x = 0. A quantization of 



= aW{l) + bW{i) + cW{j) + dW{k) (12) 
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is a map x E H ^ W{x) of H into a C*-algebra satisfying the following 
CCR. 

W{x)W{y) = e^'^'^'y^Wix + y), x,y e H (16) 

The unique C*-algebra generated by the unitary elements W{x), x E X, is 
called the C*-algebra of CCR. The vector space H can be considered as an 
abelian group for the addition. It is locally compact for the discrete topology. 
A multiplier ^ oi H with values in C is defined by 

i{x,y) = e'<^^y^ (17) 

The associated twisted representation a is trivial. This shows that (|T1|) is a 
generalization of the standard CCR. 

A simple but nontrivial example of this quantization is the quantum 
spacetime of |Q, 0. This example is worked out in the last section of the 
paper. 

3 Proof of Theorem [1] 

First assume that ^ and a are given, and let r be defined by (||). The 
continuity (M4) is needed to show that maps Cc{X, A) into itself. The 
properties (Al) to (A4) can be verified by straightforward calculation. Note 
that, in order to prove that the function g of (A3) is continuous one needs 
again (M4). 

The remainder of this section deals with the proof of theorem |l| in the 
other direction. It is assumed in subsequent subsections that a map r of 
X into the linear transformations of Cc{X,A)^ satisfying the axioms (Al) to 
(A4), is given. The study of its properties will lead to the proof that r is a 
projective action associated with a C*-multiplier ^. 

3.1 Projective actions 

Notation 2 Given A G Cc{X) and a E A, let W°'{X) denote the function 
given by 

W\X){x) = \{x)a (18) 
Clearly, W%X) belongs to C^{X,A). 
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Proposition 1 For each x ^ X and f G Cc{X,A) there exists g G Cc{X,A) 
such that f = T^g. 

Proof 

Take z = in (|^). One obtains 

r,(/i(x-i)r,-i/) = {T,h){e)f (19) 

Fix a E A and let us construct a function h for which {Txh){e) = a holds. 
Let A G Cc{X) be such that X{x) = 1. Let 

hiy)=TyW^'{X)ie)\ yeX (20) 

Then by axiom (A3) one obtains 

T^h{e) = iy"*(A)(x)* = X{x)a = a (21) 

This shows that for each a E A there exists a function g G Cc{X,A) such 
that af = T^g. Now let {ua)a be an approximate unit of A and let ga be 
such that Uaf = T^ga- From the following estimate, obtained using (A4), 

\\9a{y) - gi3{y)\\ = \\T^ga{xy) - Ta:gp{xy)\\ 

= \\iu^-up)f{xy)\\ (22) 

follows that the elements {ga{y))a converge to some function g. The support 
S{g) of g equals x~^S{f). The function g is continuous as is obvious from 

Wgiv) - 9{z)\\ = \im\\gc,{y) - gc,{z)\\ 

= \im\\T^gaixy) - T,^gaixz)\\ 
= lim\\ua{fixy) - f{xz))\\ 
= ll^fixy) - f{xz)\\ (23) 
Hence g belongs to Cc{X,A). Finally, from 

\im\\T^gaiy) - r.^giy)\ \ = \im\\gaix~^y) - gix'^y)\ \ = (24) 
follows that / = r^g. This ends the proof. 

n 

Corollary 1 If for a given x E X and a,b E A one has aTxf{e) = brxf{e) 
for all f E Cc{X, A) then a = b follows. 

Proof 

As a consequence of the previous proposition one may assume that x = e. 
Now take / = WiX) with c E A and A G Cc{X). There follows A(e)ac = 
A(e)6c. Since c and A are arbitrary there follows a = b. 

n 
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3.2 Existence of the C*-multiplier 

The properties of r proven in the previous subsection can be used to estabhsh 
the existence of a C*-multipher ^. The proof that C, satisfies all axioms 
defining a C*-multiplier is completed later on. 

Proposition 2 There exists a map ^ : X x X ^ M{A) such that for all 
f E CciX,A) holds 

TyTj = ^{y, z)TyJ, y,z e X (25) 

Proof 

For a fixed z one can select a A G Cc{X) for which X{z) ^ 0. Let {ua)a be an 
approximate unit of A, and define ^{y, z) by 

^{y,z)a = X{z)~Him{TyW'"^{X)){yz)a, aeA (26) 

That the limit converges follows from the following estimates. Let h G 
Cc{X,A) be such that Tyzh{e) = a (see the proof of proposition |l|). Then, 
using (A2) and (A4), one obtains 

\\Ty{W^'^{X)-W^^{\)){yz)a\\ = \\Ty {W^^^iX) - W""^ {X)) {yz)TyMe)\\ 

= \\TyiiW^-iX)-W^^iX))iz)T.h)ie)\\ 

= ||(W^"'^(A)-1^"^(A))(^)t,%-1)|| 

= \X{z)\\\{uo.-u^)TMy~')\\ (27) 

Hence {TyW^°'{X){yz)a)a forms a Cauchy net converging to X{z)^{y, z)a. 
It is straightforward to prove that ^{y, z) belongs to M{A). 
From (A2) one obtains for arbitrary / G Cc{X,A) 

{TyW'^-{X)){yz)TyJ = TyiW--iX)iz)Tj) 

= Ty{X{z)u^Tj) 

= X{z)Ty{Uo,Tj) (28) 

From (A4) follows that Ty{uaTzf){x) converges to {TyTz,f){x). Hence (pSD 
implies (pSj). 

Note that ^(?/, z) does not depend on the choice of A. Indeed, if A(2;) ^ and 
li{z) 7^ then 

X{zr\TyW'^-{X)){yz) - ^i{z)-\TyW^-{^^)){yz)\ TyJ = (29) 
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for all /, because of By corollary |I] this implies 

\{zr\TyW-'^{myz) - ^^{z)-\TyW^-{^)){yz) = (30) 



This shows that both candidates for the r.h.s. of (pq) coincide, i.e. the defi- 
nition of ^ does not depend on the choice of A. 

n 

Proposition 3 The map ^ of the previous proposition satisfies 

ay,zy^{y,z) = l, y,zeX (31) 

Proof 

From (A4) and (^) follows 

\\C{y,z)TyJ{x)\\ = \\TyTj{x)\\ 

= ll/(^-VMll 

= II WWII (32) 
Take a & A and A G Cc(X) arbitrarily, and let / be defined by 

/(x) = r.l^«*(A)(e)* (33) 

Then (A3) implies that 



W(e) = W^« {X){yzr = X{yz)a (34) 
Equation ( ^2|) becomes 

|A(2/^)| 11^(2/, ^)a|| = |A(2/^)|||a|| (35) 



Since A is arbitrary one concludes that ^{y, z) is an isometry of A. 
Note that the map ^ satisfies 

^(e, y) = ^{x, e) = 1, x,y e X (36) 
This is an immediate consequence of (^5[) and corollary |1|. 
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3.3 Existence of the associated twisted representation 

One can identify A with a class of linear transformations of Cc{X, A) in the 
following way. 

Notation 3 For each a & A introduce a linear transformation ofCc{X, A) 
by 

Cf{x) = af{x), xeXJeC,{X,A) (37) 

These hnear transformations will later on become elements of the multiplier 
algebra of the crossed product algebra Ax^. X. 

Let us now show that there exists a deformed representation a of X in 

A. 

Proposition 4 There exists a map a of X into the *-homomorphisms of A 
such that cTg = 1, and 

aj{x-'y) = Tj{y)ax, x-'y)*, x,yeX,fe C,{X, A) (38) 

and 

rx.oC = r^"or,., xeX (39) 
For each a & A the map x E X ^ axtt is continuous. 

Proof 

Let A G Cc{X) be such that A(e) ^ 0. Define ax by 

cr^a = -^rj.Vr°(A)(x), xeX,aeA (40) 
A[e) 

Note that the definition of does not depend on the choice of A. Indeed, 
using (A2), one obtains for any / G Cc{X,A) 

^ -TxW^iX)ix)Txf = TT^TxiW^iX)ie)f) 



A(e) - ^-^^^^ A(e) 

= Txiaf) (41) 

By corollary |l| this implies that the definition of a^a does not depend on the 
choice of A. Equation (|4l| ) shows at once that (|39D holds. 
Obviously, one has 

a,a=^T,W''{X){e)=a (42) 
11 



This proves that is the identity transformation of A. 
Now take any / G Cc{X^A) and calculate 

\{e) 

= j^r^{f{x'^y)rx-^yh){x) (43) 

with h such that VF'^(A) = r^-iyh (this exists because of proposition |l]). Using 
(A2) there follows 

(^xfix'^y) = -^Tj{y)Tyh{x) 

= ^Tj{y)ax,x-'yrr^,W^i\){x) 

= TJiy)ax,x-'yy (44) 

This is (H). 

Because of (A3) the map x Txfiy) is continuous for aW. y E X and / G 
Cc{X,A). Hence also the map 

x^axa=^^T.,W\\){x) (45) 
A(e) 

is continuous. 

Finally, let us show that ax is a *-homomorphism of A. Clearly, is a linear 
transformation. 

Given a, 6 G ^ , using (A2), one finds 

a.(afe) = -l-.r,W''\X){x) 

^ MW''{X){e)W\mx) 



-}—rxW'^{\){x)rxW\\){x) 
A(e)2 

((7^a)(a^6) (46) 



This shows that ax is a homomorphism. 

Let g{x) = TxW'''{X){ey. Then by (A3) one has 



axa* = -^-r^W^' (A) (x) = -^fM^T (47) 
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For any h G Cc{X,A) holds, using (A2) twice, 

rxg{x)T^h = Tx{g{e)h) 

= T,{W\X){e)h) 

= r,iy"(A)(a;)r,/i (48) 
By corollary |] there follows that Txg{x) = TrcW°'{X){x). Hence (|^) becomes 

A(e) 

= (Txa (49) 
This ends the proof of the proposition. 

n 

Corollary 2 For each a E A and x E X the map y — > aC,{x,y) is continuous. 
Proof 

Fix A G Cc{X). Let b = a^^a {a^ is invertible — see corollary ^ below). Let 
/ = W\X). Then (|8D implies 

T,W\X){xy) = X{y)aC{x,y) (50) 

The function y TxW^{X){xy) is continuous. Hence y — * a^{x, y) is continu- 
ous on the set of y for which X{y) ^ 0. Since A is arbitrary overall continuity 
follows. 

n 

Corollary 3 The map x — > a^(x, x~^) is continuous for all a E A. 
Proof 

Let A and h be as in the previous lemma. One obtains 

T^W\X){e) = X{x-^)a^{x,x-^) (51) 

The l.h.s. of this expression is a continuous function of x because of (A3). 
Hence x — a^{x,x~^) is continuous on the set of x for which X{x~^) ^ 0. 
Since A is arbitrary overall continuity follows. 

n 

Proposition 5 a satisfies 
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Proof 

Let a & A. From the definition (EOl) follows 



aMy, ^)«) = ^r,.t^«(^'^)'^(A)(x) (52) 
for any A for which A(e) 7^ 0. We may assume as well that X{z) 7^ 0. Then, 
M/«(s''")"(A) = \im TyW^''iX){yz)W''iX) (53) 



Hence (|52|) becomes 



1 1 



aMy,^)^) = T73T77vliFr,.(r,M/""(A)(?/^)H^'^(A))(x) (54) 



A(e) 


A(.) 


1 


1 


A(e) 


A(.) 


1 


1 



By proposition [1| there exists a function h in Cc{X,A) such that VF"(A) = 
Tyzh. Using this together with (A2) gives 

1 1 

a^{Ciy,z)a) = ^^^^\imT^{TyW''''{X){yz)Ty^h){x) 

limr^ryW''°'{X){xyz)T:j,yzh{x) 

hmax,y)T,yW^-{X)ixyz)ax,yzrT,wyX)ix) 
A[e) A[z) 

= ^{x,y)^{xy,z)^{x,yzy(7^a (55) 
Because a is arbitrary, (^ follows. 

n 

Corollary 4 For all x,y G X is 

ax,y)ax,yr = l (56) 

Proof 

Take z = em(g). Then (|5|) follows. 

n 

Proposition 6 a satisfies (|^. 
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Proof 

One calculates 

= ^(i)'"^ (^'^^^ A(^'"^^"^^^^^0 ^"'^ ^^^^ 

From proposition |I| follows that ly^(A) = Tyh for some h G Cc{X,A). Hence 
the previous expression becomes 

(^xCTya = (^-^ryW{X){y)Tyh^ {x) (58) 

Now apply (A2) to obtain 

1 



(7^.(7,, a 



;TxTyW^{\){xy)Txyh{x) 



A(e)2 

i{x,y){axya)i{x,y)* (59) 



To obtain the latter, use is made of 



-^Txyh{x) = -^^{x,yyTxTyh{x) 

^ -e{x,yyT,w'{x){x 



A(e) 

a^^y)* (60) 



n 



Corollary 5 is an automorphism of A for any x & X. 



Proof 

Proposition ^ shows that is a *-homomorphism. Invertibility follows from 
the previous proposition by taking x = y'^. One obtains 

iay)-^a = Ciy'\ yyiay^ia)^iy'\ y), yeX,aeA (61) 

n 



15 



4 Construction 



Let be given a map t oi X into the linear transformations of Cc{X,A). 
Assume r satisfies the axioms (Al) to (A4). 

4.1 Product and involution 

Consider Cc{X,A) as a hnear space. In what foUows a product law and an 
involution are defined which make Cc{X,A) into a *-algebra. In the next 
subsection this algebra is completed in norm. In the final subsections an 
approximate unit and the enveloping C*-algebra are constructed. 
Define a product on Cc{X,A) by 

{fg)ix)= [ dy f{y){Tyg){x) (62) 

Lemma 1 If f and g belong to Cc{X,A) then also fg belongs to Cc{X,A). 
Proof 

From assumption (A4) follows that the support of Tyg satisfies S{Tyg) — 
yS{g). Hence 

S{fg) C Uyesif)S{Tyg) = Uyesif) yS{g) (63) 

From the continuity of multiplication and inverse and the fact that S{f ) and 
S{g) are compact follows that also [Jy^s{f)iS{g) is compact. Hence fg has a 
compact support. Continuity of fg is obvious. 

n 

Proposition 7 

r.ifg) = ir.f)g, f,9e Cc{X, A),xeX (64) 

Proof 

Observe that, using (A2), 

(rM9))(y) = dzf(z)T,gyy) 

= / dzTx ifiz)T,g) (y) 
Jx 

= / dz {Tj){z){T,g){y) 
16 



= {{rj)g){y) (65) 

Hence one concludes (|6^ 



It is now easy to show that the product is associative. Indeed, one has 

{{fgmx) = [ dy{fg){y){Tyh){x) 

dy / dz f{z){r,g){y){Tyh){x) 



X 



X 



dz f{z){{r,g)h){x) 
dz f{z){T,{gh)){x) 



= {f{9h)){x) (66) 

Next define an involution of Cc{X,A). The adjoint /* of a function / G 
Cc{X,A) is defined by 

fix) = A(a;)-V,./(e)*, xeX (67) 

(the modular function of X is denoted A). /* belongs again to Cc{X,A) by 
assumption (A3). One has 



r{x) = A{x)-'r.A-'g{ey 

with g{x) = Txf{e)*. Using (A2) one proves that 

(r,A-i(7)(2/) = A~\x-^y)T,g{y) (69) 

Hence f**{x) = T^g{e)* follows. Using (A3) this implies f**{x) = f{x). 

Obviously, the involution is compatible with the linear structure of Cc(X, A). 
It is also compatible with the product. Indeed, using (A2) and (A3), 

UgYix) = A{x)-'rM-g){er 

= A(x)-i(r,.|^ dyf{y)Tygyey 
= A{x)-' [ dy {T,{f{y)Tyg)){er 

•J X 

= A{x)-' I dy {irJ){y){Tyg){e)r 



X 



Aix)-' / dy iryg)ienrj)iyy 

<j X 
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= Aix)-' [ dy Aiy)g*iy){Tj){yr 

= ^ dy g*{y)A{x-'y){Tyh){x) (70) 

with h{x) = (T^f)(e)* = A(a;)/*(a;). There follows 

ifgYix) = 1^ d?//(y)A(x-^y)(T,Ar)(x) 

= (/r)(^) (71) 
This shows the compatibility of the involution and the multiplication. 

4.2 Norm completion 

A norm is defined on Cc{X,A) by 

/ dx\\f{x)\\ (72) 

Let us show that this norm is compatible with the product and the invo- 
lution of Cc(X,^). 

One verifies, using (A4), that 

ll/^lli = / ^x\\{fg){x)\\ 

= / dx\\ f dy f\y){Tyg){x)\\ 

< I dx f dy||/(|/)||||(r,^)(x)|| 

^ [ dx [ dy\\f{y)\\\\g{y-'x)\\ 

J X J X 

^ I dx I dy ||/(2/)||||^(x)|| 

J X J X 

ill^lli (73) 



Hence the product is continuous for this norm. Again using (A4), one calcu- 
lates 



iiriK = / dx|ir(x)ii 

J X 

= / dx A{x)-^\\Tj{e)\\ 
Jx 

dx A{x)-'\\f{x-')\\ 



X 



= / dx||/(a;)|| 

= ll/lll 



(74) 



Note that ||Ta;/||i = ||/||i, i.e. the projective action r leaves the || ■ ||i-norm 
invariant. 

One concludes that the completion of Cc{X,A) in the || ■ ||i-norm is an 
involutive Banach algebra. It is denoted Ci{X, A, r), the algebra of integrable 
functions of X with values in A. In many places, the notation Ci{A,X) is 
used. The notation of ^ would read here Ci{A, X; ^, a). It is however more 
natural to see the C*-algebra ^ as a generalization of the complex numbers 
and to adapt a notation compatible with Ci{X, C). 



4.3 Approximate unit 

Let {ua)a be an approximate unit of A. Select for each neighborhood v of e G 
X a continuous non-negative function 5„ with support in v and normalized 
to one: 

/ dx5y{x) = l (75) 
(VF""((5t,))^ ^ is an approximate unit of Cc{X,A). Indeed, one has 

\\W''-{5,)9-9\\i = I dx\\{W'^-{5,)g){x)-g{x)\\ 

Jx 

dx \ \ dy S^{y)ua{ryg){x) - gix)\\ 
X Jx 

< dx dy 6^{y)\\uc{Tyg){x) - g{x)\\ 

J X J X 

< dx dy 6^{y)\\ua[{Tyg){x) ~ g{x)]\\ 

J X J X 

+ dx dy 6^{y)\\{ua- l)g{x)\\ 
Jx Jx 

< dx dy 6^{y)\\{Tyg){x) - g{x)\\ 

J X J X 

+ / dx\\{u^-l)g{x)\\ (76) 

J X 

The latter expression can be made arbitrary small (note that from (A3) 
follows that y —>■ Tyg{x) is continuous; use further that Tyg is continuous 
with compact support). 
Using (H) one obtains 



\\gW''''{S.)-g\\i 
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= / dx\\{gW'^'^iSMx)-9ix)\\ 
Jx 

= f dx\\f dyg{y)TyW''-{6,)ix)-g{x)\\ 
Jx Jx 

= f dx\\f dy (g{xy)T,yW'^-{6,){x)-g{x)A-\y)6,{y-'))\\ 

< f dx f dy\Mxy)-g{x)\\\\T,yW''-{6,){x)\\ 
Jx Jx 

+ f dx f dy\\g{x)(r,yW^-{6,){x)-A~\y)6,{y-'))\\ (77) 

Each of these two terms can be made arbitrary small. Hence {W"^" {6^)) ^ ^ is 
also a right approximate unit. 

4.4 The crossed product algebra 

The crossed product of A with X is denoted 

AxrX (78) 

It is defined as the enveloping C*-algebra of Ci{X, A, r), see Section 2.7. 
The C*-norm is given by 

11/11 = sup{a;(/*/)^''^ : u positive normalized functional of Ci{X, A,t)} 

(79) 

The proof that 1 1 ■ 1 1 is nondegenerate goes as follows. We first need 

Proposition 8 Fix f G Cc{X,A). Any state uq of A extends to a positive 
linear form u f ofCi{X,A,T) by 

Uf{g) = uJo{{f*gf){e)) (80) 

Proof 

Linearity is obvious. Positivity follows from 

ujf{g*g) = Uo{{f*g*gf){e)) 

= f dzuo{{gfnz)T^{gf){e)) 
Jx 

= f dz A{z)-'uo{r.{gf){err,{gf){e)) 

J X 

> (81) 

It is straightforward to show that a constant K{f) exists such that |u;j((7)| < 
i^'(/)||5'||i holds for all g G Cc{X,A). Hence, by continuity ojf extends to a 
positive linear functional on Ci{X, A, r). 
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Proposition 9 The norm ( |7^ j is nondegenerate. 
Proof 

Assume that | l^r] | = 0. Then Uf{g*g) = for all / G Cc{X, A. By construction 
this implies uo{{f*g*gf){e)) = 0. Now take luq faithful. Then one concludes 
that {gf){e) = for all / G Cc{X,A). This means 

/ dy g{y)Tyf{e) = (82) 

g = follows using the same argument as in corollary ||. Hence || ■ || is 
nondegenerate. 

n 

Invariance of 1 1 ■ 1 1 under r, i.e. | |Ta./| | = 1 1/| | for all x G X and / G Ax^-X, 
follows from the following result, which makes use of the results of section 3. 

Proposition 10 

{rjyT,g = rg, f,geC,{X,A) (83) 

Proof 

One calculates 

{TxfTr^g = dy {r^fy{y)TyT^g 

= dy A{yy^TyT^f{eyTyT^g 
= / (^y ^iyy\^yxf)ieyC{y,xy^{y,x)Ty^g 
= dy A{yyWy^f{eyTy^g 
dy A{x)f*{yx)Ty^g 



This shows (M). 



X 

f*{y)ryg 

rg (84) 
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5 Proof of theorem g 

The following result shows that A can be identified with a sub-C*-algebra of 

M{AXrX). 

Proposition 11 ( extends to an injection of A into M{A X). One has 

((^y = for all aeA. 



By continuity C extends to a linear transformation of ^ X. A straightfor- 
ward calculation shows that 



From now on ( is omitted, i.e. A is considered to be a sub-C*-algebra of 
M{Ax,X). 

Proposition 12 The linear transformation W{x) defined by 



Proof 



iC''frg = rC9, f,geC,iX,A) 



(85) 



Hence belongs to the multiplier algebra of ^ x^- X. 



W{x)f = Tj, 



X e x,f e Axr X 



(86) 



belongs to M{A x^- X). 



Proof 



For all /, 5f e ^ X ^ X is 



{ax-\xywix-')fy g 
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= / dz Aiz)-Wj{eyaz,x)T,^g 
Jx 

= .nWix)g) (87) 
Hence W(x) belongs to the multiplier algebra of Ax^- X and one has 

W{x)* = C{x-\xyW{x-^), xeX (88) 

ft 

Proposition 13 

W{xyW{x) = W{x)W{xy = l, xeX (89) 

Proof 

W{xyW{x) = 1 follows from (|^). In order to prove W{x)W{xy = 1 
calculate, using (|88D , 

{w{xyfy{w{xyg) 

dz (^(x-i, xywix~')fyiz)rMx-\ xyWix~')g) 

dz A{zy^T;,{^{x~\ xyr^-i f ){eya,{^{x~^ , xy)T;,T^-ig 
dz A(2)- V,,-i/(e)*e(^, x'l) V,(e(x-\ x)) 

X 

xa^{^{x^\xy)C{z, x~^)T^^~ig 

= dz A{zy^T^^-if{eyr^^-ig 
Jx 

= f dz A{z)-'TJieyT^g 
= y d2; f*{z)T-^g 

= rg (90) 

ft 

The remainder of the proof of theorem ^ is straightforward. Equation 
([T0| ) follows immediately from ( p9D and the unitarity of W{x). Equation 
dnl) follows from (|2|). 
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6 Application to Quantum Spacetime 



Let M = R^, + denote Minkowski space and consider it as a locally compact 
group. Let E be the space of anti-symmetric 4-by-4 real matrices of the form 



/ ei 62 63 \ 

-6i rris —777,2 

-62 —ms nil 

V-63 777,2 / 



(91) 



satisfying |6p = \m\'^ and e.m = ±1. It is locally compact for the topology 
induced by the supremum norm of linear transformations of M. A motivation 
for this particular choice of S is given in 0, 0. Let Co(S, C) denote the 
C*-algebra of complex continuous functions of S vanishing at infinity. A 
bicharacter ^ : M x M M(Co(S, C)) is defined by 

^{k,k'){e)=expl'- ^ k,e^,x], k,k'eM,eeJ: (92) 

It is easy to verify that ^ is a C*-multiplier of the group M, with values 
in ^ = Co(S, C), and with associated action a which is trivial, i.e. = a 
for all A; e M and a G A. The crossed product algebra A Xr M, with 
T the projective action associated with ^, is an alternative for the algebra 
constructed in 0. 

Let a; be a state of ^ x^- M for which the maps A G R — uj{g*Txkf) 
are continuous for all /, 5^ G .4 x M and A; G M (this is a so-called Weyl- 
state). Let fl) be the GNS-representation induced by ur. Then for 

any k G M, the map A G R ^ '7i{W{Xk)) is a strongly continuous one- 
parameter group of unitary operators. Hence, by Stone's theorem, there 
exists a self-adjoint operator Q{k) which is the generator of this group. Let 
Cfj,, /7 = 0, 1, 2, 3 be unit vectors of R"^. Let = Q{e^). On a dense domain 
one has Q{k) = J2l.=o kfj.Q^. Now calculate 

exp(iA;^Q^) exp(iA;^Q^) = 7r(Vr(/i;^6^)H^(/c^e,.)) 

= 7r(^(A;^6^, kuei,)W{k^ef, + k^eu)) 

= iT{^{kf,e^, kyCu)) exp{i{k^Q^ + k^Qy) (93) 

Using Stone's theorem one shows that there exist self-adjoint operators R^^y 
satisfying 



TT 



Key)) = 6^'=-'=''^-'' and i?^,, = -i?,,^ (94) 
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Comparing with 



e^V^exp(l[AS]), [B,[A,B]] = Q 



(95) 



one concludes that on a dense domain one has 



and [Q^, i?,,,p] = 



(96) 



The can be interpreted as the component operators of the position of a 
relativistic particle. They do not commute, but rather satisfy the commuta- 
tion relations (p6[), which have been proposed in |^ as a simplified model 
for quantum spacetime. 

The example is rather simple in that both the group M and the C*- 
algebra A are commutative. The present theory allows for non-commutative 
groups and algebras. Hence there are many possibilities for generalization. 
The example shows further that it is necessary to allow for C*-algebras with- 
out unit. Indeed, the continuity of k' — > fC,{k,k') is only true for functions 
/ vanishing at infinity. Note that the Weyl-operators W{k) have been in- 
troduced here taking into account the usual topology of M, instead of the 
discrete topology. Common complaints against the algebra of the CCR are 
the necessity of considering the discrete topology on the underlying symplec- 
tic space, and the fact that relevant physical observables do not belong to it 
- see e.g. P], IV. 3. 7 and the notes of IV. 3. 5. An alternative for the algebra 
of the CCR is the crossed product algebra. It takes the proper topology into 
account, and contains the Weyl-operators in its multiplier algebra. 
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